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Computational Results for a Feedback Control
for a Rotating Viscoelastic Beam
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This paper studies a control system for a one-dimensional, distributed, viscoelastic structure whose constitu-
tive law is modeled using fractional order derivatives. Skaar, Michel, and Miller ("Stability of Viscoelastic
Control Systems," IEEE Transactions, Vol. AC-33, No. 4,1988, pp. 348-357) have proposed a modified root
locus scheme for such systems and have suggested an approximation method for computation of solutions which
relies on Laplace transformations. We show here, via a case study for a slewing beam, how these approximations
can be carried out. In Skaar et al., the focus was on determining stability. In contrast, this paper shows how time
domain performance can be assessed. We show that the necessary inverse Laplace transforms are obtained as
solutions of a weakly singular system of Volterra integral equations. Comparisons are made between the
fractional derivative model and a Kelvin-Voight constitutive model.

Nomenclature
A (t) = integral equation kernal function
a, b, E, v = viscoelastic model parameters
E + b (dv/dt") = strain operator
erfc(0 = complementary error function
K* = feedback gain constant
Kjk - structural stiffness matrix
KI(S) = feedback gain function
Mjk - structural mass matrix
R(t) = response of the integral equation to unit

input
Ri(t) = integral equation resolvent function
5 = Laplace transform variable
t = time starting at the onset of motion
Wj(t,p) - modal response function
y(t, z) = beam state variable
F = gamma function
<Pj(z) = Ritz basis function
6(t) = hub pointing angle
Qd - desired hub pointing angle
3v/dt" = fractional derivative of order v
1 +a(dv/dtv) = stress operator

Introduction
\T17E consider here the problem of constructing a feedback
TT control system for a one-dimensional, distributed, vis-

coelastic structure whose constitutive law is modeled using
fractional order derivatives. Our starting point is the results
in Ref. 1 where the classical root locus method was adapted
to such control systems and Ref. 2 where the results of Ref. 1
are generalized. For a discussion of fractional derivative mod-
els of viscoelastic structures, see Refs. 3-6. In Refs. 1 and 2 the
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authors assume that the stress a and the strain e are related via
the constitutive relation

(1)1+tf — )a= (E + b —

where a, b, and E are positive constants and Q<v< 1.
In the analysis of Ref. 1, the authors introduce a Ritz ap-

proximation. This approximation is used in the root locus
analysis. We will show here that this Ritz approximation can
also be used to obtain numerical approximations for time do-
main control output variables. Thus the same approximations
can be used to evaluate the system's performance. We shall
analyze in detail a slewing beam problem. This case study will
introduce all of the necessary ideas.

Beam Problem
We consider a viscoelastic beam (see Fig. 1) that is free at

one end whereas the other end is rigidly attached to a rigid,
hinged hub. The problem is to bring the beam to rest, i.e.,
y(t, z) = 0, at a desired pointing angle Qd. Control is to be
achieved by one control torque u on the hub.

We assume that gravity acts into the page (i.e., along the
axis of the hub) in a direction perpendicular to the motion of
the hub and beam. Hence gravitational effects are neglected.
The beam is assumed to have length L, mass per unit length p,
cross-sectional second moment 7 about the neutral axis, and

y(z,t)

p = mass / length
I = transverse second moment of area

u(t) (point control torque)

Fig. 1 Rotating viscoelastic beam with rigid hub.
84
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the constitutive law (1). Let 70 be the mass moment of inertia
of the hub and define

IT = /o + !

Table 1 Feedback coefficient values

Define a complex quantity /* via the relation

h = s( (2)

where all roots are principle roots with branch cuts along the
negative real axis.

Let d(s) = <£ {0} be the Laplace transform of the hub point-
ing angle 0(0 with 0(0) = 0 (i.e., the zero-state pointing angle).
As in Ref. 1 we take feedback of the form

where K\(s) = K*s2/h2 and 6d is the desired pointing angle.
The unknown constant gain K* can be chosen using the root
locus technique proposed in Ref. 1. We will use the functions

(4)

and the approximation

Then according to Ref. 1 (p. 351) the corresponding approxi-
mation for the zero-state hub pointing angle takes the form

9(s) = (Od/s)C(h2)

where C(A2) = J^i(5)G1(5)/[l +Kl(s)Gl(s)] and G! is obtained
as follows:

Define matrices K and M and a vector b by the relations

Kjk = I<pJ(z)<p'k(z)dz
J o

Mjk = dz

bj = P<PJ(Z) dz
Jo

It was shown in Ref. 1 that

Notice that C(h2) will be a function of h2 only. For conve-
nience of notation let x = h2 so that

AT* P(x)

where p(x) and p{(x) are polynomials in x and the degree of
Pi(x) is greater than the degree of p(x). If p{(x) has distinct
roots a/, then there will be constants /3/ such that

We will choose #* as in Ref. 1 so that the system is stable. In
this case the roots a/ =p2 will be positive. Hence

(5)

Pj
0.975212
5.73930
31.0359
132.959

Pj
0.951038
32.9396
963.227

17678.0

ft"
0.903159
1.57302
2.42009
1.35374

is the transfer function that approximately characterizes this
feedback system, c(t) = £~l{c[h2(s)]} is the corresponding
impulse response function, and the zero-state angular response

0(0 = c(s) ds

is obtained by one integration. Our purpose will be to demon-
strate that 0(0 and c(t) are computable. More details about the
approximation and the feedback scheme can be found in
Ref. 1.

We remark that the form (5) of the transfer function is not
unique to the configuration considered in Fig. 1. Rather, as
discussed in Refs. 1 and 2, this form will characterize a wide
variety of closed-loop systems composed of rigid and vis-
coelastic members. The finite-dimensional approximation of
the equations of motion is based on a combination of consis-
tent (e.g., finite element) approximation and the correspon-
dence principle. The computation of the transfer function pro-
ceeds as follows:

1) The rigid- viscoelastic system is replaced by the corre-
sponding rigid-elastic system and the elastic constant E is set
equal to one. Thus, each viscoelastic member is replaced by an
elastic equivalent.

2) A consistent approximation is applied to the elastic sys-
tem in the usual way. The transfer function obtained using this
approximation will have the form

3) Once T(s) has been computed, the transfer function for
the viscoelastic system is immediately obtained by replacing s
with h [from Eq. (2)] in the formula for T(s). Obviously this
transfer function will always have the same form as Eq. (5)!

For small numbers of Ritz functions [i.e., for p small in
Eq. (4)] these computations can be carried out exactly using
a symbolic manipulation computer program. This was done
for p =2 and 3 in Eq. (4). The results of the two computa-
tions were substatially the same. Since the case p = 3 is ex-
pected to give more accurate approximation, we will take/7 = 3
henceforth.

For example purposes we choose 0£ /=p = L = / = / r=l.
Hence 70= 2/3. It can be shown that the gain K* = 1 stabilizes
the system. We choose K* = 1 in K{(s) of Eq. (3).

We choose *> = 0.5, £ = 7.6xl05, a=2.95x!05, and
b = 0.001 . These constants model the constitutive law for Butyl
B252, a representative viscoelastic material. In this case

48 418 41 1
8,890,560-

and

48 2,310,698,880 70,639,380 2
Pl(X)~ 5 + 222,264,000 * + 222,264,000 *

174701 3 .
+ 222,264,000 * + 55,566,000*

Hence Q =4 in Eq. (5). The constants /3/ and pf are given in
Table 1.
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We have reduced the computation of c(t) and B(t) to invert-
ing Laplace transforms of functions of the form

1
h2+p2

and of the form

{ (s, p)

(6)

(7)

In our special case *> = 0.5, it is known, cf., e.g., Ref. 7 (p. 211)
or Ref. 8, that if F(s) = <£{/), then

dv

In our case/(/) will be of the form

/(O =

(8)

(9)

where Re bf ^ 0 for all i,b\< 0, b2 = b3, and Z?4 = b5 (bj means
bj conjugate). For any complex number b

•>e~v/4tebv dv eb2t f 0 0 vv dv = -= _ e-o*_
J 0 2t

It is known, cf. Ref. 9 (p. 299, line 7.2.3), that this last integral
can be written as a complex contour iterated integral

Qb2
t r°°

= - = I
J -b^

/ [erf c( - b V7)] = er f c( v ) d v

Hence Eqs. (8) and (9) yield the exact inverse

However, this result does not appear to be particularly useful
for either numerical computations or for finding analytic pro-
perties of the solution.

Volterra Integral Equations
Expressions of the form (6) or (7) can in theory be inverted

by employing a numerical Laplace transform inverter. For
description of such methods see, for example, Refs. 10-15. We
have not tested all routines available but numerical results
obtained by using one such method, cf. Ref. 15, showed that
it is possible that a very large number of function evaluations
is required for convergence for certain values of / . There were
cases when an upper bound for the number of function evalu-
ations as large as 48,000 was reached without convergence.
Hence we desire a second method of computation. We found
that the inversion problem can be reformulated as a Volterra
integral equation problem. This integral equation problem can
be solved numerically. Background material on Volterra inte-
gral equations can be found for example in Refs. 16 or 17 and
numerical background in Refs. 18-20. The results of this sec-
tion can be viewed as a special case of the work in Ref. 2. Let
A(t) = b'1tv~l/T(v) where 6>0, 0 <*><!, and I» is the y
function. Let Ri(t) be the resolvent of A (t), i.e., ̂ (0 solves

(1.0)- A(t-v)Rl(v)dv

Then R\(t) will exist for all t >0, it is absolutely integrable on
(0, oo), and it has Laplace transform

Moreover, the solution R(t) of the equation

R(t)= 1- A(t-v)R(v)dv
Jo

(11)

With Ri(t) given above, let w\(t,p) solve

(12)

with o>i(0, p) = 0 and wf (0, p) = j3. Here 0 = fy and p =p} will
be taken from Table 1. Lengthy but elementary computations
show that &i(t,p) has Laplace transform

s2[(\+asv)/(E + bsv>j\+p2 h2+p2

This can be turned around into the inversion formula

Inverting Eq. (6) is therefore equivalent to solving the two
integral equations (10) and (12).

For numerical purposes we shall use integrated forms of
Eqs. (10) and (12). Hence we integrate Eqs. (12) over [0, t].
The result is the system

r i r / a\ iR(t-v)wl(v,p)dv\ + (l\ E-[E--]R(t)\
Jo J L \ bj J

dv

(13)

(14)

with Wi (0, p) = 0. The inverse Laplace transform of Eq. (7) can
be computed as

dv (15)

or we can solve for w2(t,p) using the system consisting of
Eq. (14) plus the equation

] r / \ P i
+ /3 Et-[E--}\ - R ( v ) d v \

I \ £/Jo J

We view Eqs. (13) and (14) as a system of two coupled equa-
tions for the two unknowns Wi (t,p) and R(t). Actually R(t)
can be found analytically. Indeed

(16)

for any v € (0, 1). Hence R(t) is a Mittag-Leffler function of
order v, cf. Ref. 2 or Ref. 21 (p. 196), for more details. In the
special case *> = 0.5, it can also be shown that

(17)
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-1000
.000 .001 .002 .003

Fig. 2 Butyl B252 beam, p\ = 0.975212, wi(t, pi).

We shall comment further on the use of these formulas in the
fourth section.

Numerical Results
Numerical results for the control system were obtained by

solving system (13) and (14) with relevant values of p. This
system consists of one Volterra integro-differential equation
and one weakly singular integral equation in the two un-
knowns Wi (/,/?) and #(0- The methods used are the so-
called block-by-block methods combined with product inte-
gration on graded meshes. It is planned that the numerical
procedures will be discussed in more detail later. For now we
note that block-by-block methods are implicit Runge-Kutta
methods that were first applied to Volterra integral equations
by De Hoog and Weiss.22 They were extended to the solution
of Volterra intego-differential equations with smooth kernels
by Makroglou23'24 and Brunner25 and to integro-differential
equations with weakly singular kernels by Makroglou26'28 and
Brunner.29'30

Numerical results (see Figs. 2-7) were obtained for all values
of PJ in Table 1. We used 0 = 1 without loss of generality. Very
small step sizes had to be used to capture the highly oscillatory
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t
Fig. 3 wi(t,pi) detail. Fig. 5
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Fig. 4 p2 =

.003
t

5.739303, wi(t,P2).

.004 .000005 .000015

Fig. 6 wi(t, /?4), P4 = 132.958633.
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0.08

0.06

0.04

0.02

W4 0.00

-0.02

-0.04

-0.06

-0.08

Table 2 Modal periodicity, amplitude, and damping constants

.00002 .000025 .00003 .000035
t

Fig. 7 wi(t,p4) detail.

nature of the solutions. Integration was carried out until the
solution settled to within 0.1 of its limiting value. The results
obtained by solving Eqs. (13) and (14) were verified, for allp/,
using the numerical Laplace transform inverter ACM-619 by
Piessens and Huysmans.15 The results for the two methods
agree to at least two decimal places everywhere with better
agreement at the beginning of the interval of integration.

Computations were also done using formulas (15) and (16)
to obtain the values of R (t) required for the numerical solution
of Eqs. (13) and (14) to double-check the accuracy of some of
our numerical results. Formula (15) was used with the approx-
imation that the series was truncated at TV = 20 terms. With
TV = 20 reasonable accuracy was obtained for t small. The re-
sults were comparable to those obtained by other methods. We
have not investigated the problem of choosing a suitable num-
ber N. Preliminary calculations indicated that TV must increase
with t to obtain accurate results.

The routine DERFC of Ref. 31 was used to obtain values of
R(t) using Eq. (16). Tests were made that gave results com-
parable with those obtained for R(t) by solving the integral
equation (14). These tests were for p =p4 for the ?-interval
0</<0.3589xlO-4 . For £ >0.8570x 10~4the routine was ab-
normally terminated with the error message "t too big."

Figure 2 is a graph of the solution w\ of Eq. (13) when
p =pi. Figure 3 is this same graph rescaled so that more detail
of the later oscillations can be seen. Figures 4-6 show the
solution of Eq. (13) for p2, Pi, and p4. Figure 7 is a rescaled
version of Fig. 6. For all values of/? the computed solution Wi
is a damped oscillation. As p increases the rate of oscillation
increases, the maximum amplitude decreases, and damping
increases. For example, for PI = 0.9752 the average distance
between successive maxima and minima is about T = 0.0008,
the distance between successive zeros is also T = 0.0008, the
maximum attained height is // = 3310, and the magnitude of
any local maximum (or minimum) is about 23% (d = 0.23) of
the previous minimum (or maximum). The approximate values
of these parameters are given-in Table 2 for all four cases.

If these data are used to find parameters, then we see that
over the range of the solutions it is approximately true that

Wl(t, Pl) = 6800e -imt sin(39000

Wi(',/>2) = 1800e-16'000'sin(39,0000

w1(t,p3) = 430£?-"'000' sin(330,0000

Wl(f,p4) = 110* -320'000?sin(l, 750,0000

(18)

As we shall see next, the behavior of these solutions is different
than the behavior one would see with a viscous damping
model.

Pj
0.975212
5.73930
31.0359
132.959

T
0.0008
0.00008
0.000095
0.000018

H
3310
960
278
86

d
0.23
0.27
0.39
0.56

Comparison with Kelvin-Voight
The Kelvin-Voight beam model with damping constant y

takes the form

If the Kelvin-Voight constitutive assumption is used in the
control problem depicted in Fig. 1 and the same approxima-
tion using Eq. (4) is applied we arrive at the same transfer
function C(h2) given in Eq. (5). However, instead of Eq. (2) it
will now be the case that

h2 = s2/(l+2ys)

Hence a typical term in Eq. (5) will have the form

h2+pj ~ s2 + 2ypfs+p}
(19)

The inverse Laplace transform of a term (19) will be oscillatory
whenever y<p~l. If y<p~l then the inverse transform of
Eq. (19) will be

where

A = y + / • i2 = -1
2pj^l-(ypj)2

and where e'T = iA / \A \. If y is small, then A =y + i/2pj and

w\(t9pj) = (l/pj)e~ypjf sin(pjt), j = 1, 2, 3, 4

Such solutions are not even roughly compatible with Eq. (18).
By this we mean that the sine terms in Eq. (18) do not cor-
respond to sin(pjt) for any value /?/ near those in Table 1.
Similarly, for the given values of/?/, there is no value of 7>0
such that the exponential terms in Eq. (18) are roughly of
the form e~wf. (Indeed for y = 1 one computes 7= 1800, for
j = 27 = 490, fory = 3 7=100, and fory' = 4 7=18.) Similarly
the constant terms in Eq. (18) are 6800, 1800, 430, and 110
whereas Kelvin-Voight predicts constants of the approximate
values 1, 0.17, 0.03, and 0.007.

We conclude that Kelvin-Voight damping predicts a time
domain response that is very different from that of the frac-
tional derivative model.

Solution of the Control Problem
The zero state angular response 0(0 of the feedback system

in Fig. 1 (with Qd = 1) takes the form

0(0 = (20)

where Wj is defined by
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For large values of-t the integral 0jWj(t) will contribute ap-
proximately flj/pf to 0(f), i.e., 0.94966, 0.04775, 0.00251, and
0.00008. These numbers suggest only two terms are needed for
a reasonable approximation to B(t). The suggestion turns out
to be correct. The graphs of W\(t) and W2(t) are given in Figs.
8 and 9. The two-term approximation

Fig. 10 Two-term approximation of 0.

is graphed in Fig. 10. This computation predicts rise time of
about 0.00034, an overshoot of about 33% followed by a 5%
undershoot. Thereafter the solution damps very rapidly to its
limiting value of one. One might guess that the rise time,
overshoot, and undershoot could be varied with different
choices of the gain K*. Our numerical procedures would allow
full exploration of this question. This could be done by recal-
culating 0(t) = 6(t, AT*) for different values of K* and seeing
how 0(f , K*) changes with K*.

Conclusion
We studied a control strategy for a one-dimensional, dis-

tributed, viscoelastic system whose constitutive law is modeled
using fractional derivatives. We considered a model problem
consisting of a beam rotating on a rigid hub with a feedback
pointing control on the hub. We showed that the transfer
function and the zero state response can be successfully ap-
proximated. The transfer function for this fractional deriva-
tive damping model is very different from the same transfer
function under Kelvin- Voight assumptions. Performance in-
formation can easily be obtained for various gains. Our tech-
niques can be generalized to a wide range of problems well
beyond the scope of our simple example, e.g., to a variety of
damped systems including systems with a mix of viscoelastic
and rigid elements.
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